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Part 1: Learning Theory1

Recap: Probability Theory and Inequalities

Lemma 1 - The union bound
Let A1, A2, ..., Ak be k different events (they can be dependent event). Then -

P (A1 ∪ ... ∪Ak) 6 P (A1) + ...+ P (Ak)

Lemma 2 - Chernoff bound
Let Z1, ..., Zm be m independent and identical distributed (i.i.d) random variables in range
[0,1]. Let φ̂ = (1/m)

∑m
i=1 Zi be the mean of these random variables, and let any γ > 0 be

fixed. Then -
P
(∣∣∣φ− φ̂∣∣∣ > γ

)
6 2exp(−2γ2m)

Lemma 3 - Markov’s inequality
If X is a nonnegative random variable and a > 0, then the probability that X is no less
than a, is no greater than the expectation of X divided by a:

P (X > a) 6 E(X)
a

Lemma 4 - Chebyshev’s inequality
Let X be a random variable with finite expected value µ and finite non-zero variance σ.
Then for any real number k > 0,

P (|X − µ| > kσ) 6 1
k2

ERM: Empirical Risk Minimization

Let’s restrict our attention to binary classification in which the labels are y ∈ {0, 1}. We
assume we are given a training set S =

{(
x(i), y(i)

)
; i = 1, ...,m

}
of size m, where the

training examples
(
x(i), y(i)

)
are drawn i.i.d from some distribution ν.

For a hypothesis h, we define the empirical risk (or the training error) to be -
ε̂ (h) = 1

m

∑m
i=1 1

{
h(x(i)) 6= y(i)

}
.

1taken from “cs229 notes4” by Andrew Ng©
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Where the indicator function is -

1
(
h(x(i)) 6= y(i)

)
=

{
1 h(x(i)) 6= y(i)

0 else
We also define the generalization error to be - ε(h) = P(x,y)∼ν (h(x) 6= y). Moreover, we
define the hypothesis class H used by a learning algorithm to be the set of all classifiers
considered by it (for example - in neural networks, then we could let H be the set of all
classifiers representable by some neural network architecture.)

Let’s start by considering a learning problem in which we have a finite hypothesis class
H = {h1, ..., hk} consisting of k hypotheses. Empirical risk minimization can now be thought
of as a minimization over the class of functions H, in which the learning algorithm picks the
hypothesis: ĥ = argmin

h∈H
ε̂(h). The empirical risk minimization selects ĥ to be whichever of

these k functions has the smallest training error.

We would like to give guarantees on the generalization error of ĥ. Take hi ∈ H, now
consider a Bernoulli random variable Z whose distribution is defined as follows. We’re
going to sample (x(j), y(j)) ∼ ν Then set Zj = 1

{
hi(x

(j)) 6= y(j)
}
, Zj indicate whether hi

misclassifies the sample (x(j), y(j)).
The training error can be written - ε̂ (hi) = 1

m

∑m
i=1 Zj . Thus ε̂(h) is exactly the mean of

the m random variables Zj that are drawn i.i.d from a Bernoulli distribution with mean
ε̂(hi). Hence, we can apply the Chernoff inequality, and obtain -

P (|ε(hi)− ε̂(hi)| > γ) ≤ 2exp(−2γ2m) .
This shows that, for our particular hi, training error will be close to generalization error
with high probability, assuming m is large. We can prove that this will be true for
simultaneously for all h ∈ H. To do so, let Ai denote the event that (|ε(hi)− ε̂(hi)| > γ.
We’ve already show that, for any particular Ai, it holds true that P (Ai) ≤ 2exp(−2γ2m).
Thus, using the union bound, we have that -

P (∃h ∈ H, (|ε(hi)− ε̂(hi)| > γ) =
= P (A1 ∪ ... ∪Ak) 6

∑k
i=1 P (Ai) 6

6
∑k

i=1 2exp(−2γ2m) = 2k · exp(−2γ2m)

Part 2: Deterministic Dynamic Programming Algorithms2

Question 1: Maximum contiguous sum

Given a (long) sequence of n real numbers a1, a2, ..., an (both positive and negative). Find

V ∗ = max
16i6j6n

j∑
l=i

al

2Taken from “046194 - Learning and Planning in Dynamical Systems” by Shie Manor©
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Solution 1:

1. Naive approach - exhaustive search, needs to examine O(n2) sums.

2. DP Solution - the DP solution has linear time. Let

Mk = max
16i6k

k∑
l=i

al

denote the maximal sum over all contiguous subsequences that end exactly at ak.
Then M1 = a1 and Mk = max {Mk−1 + ak, ak}. We may compute Mk recursively for
k = 2 : n.
The required solution is given by V ∗ = max {M1,M2, ...,Mn}

Question 2: An integer knapsack problem

Given a knapsack (bag) of capacity C > 0, and a set of n items with respective sizes
S1, S2, ..., Sn and values (worth) V1, V2, ..., Vn.
The sizes are positive and integer-valued. Fill the knapsack to maximize the total value.
That is, find the subset A ⊂ {1, 2, ..., n} of items that maximize

Σi∈AVi,
subject to Σi∈ASi < C

Note that the number of item subsets is 2n. Moreover this problem is NP-complete
for "large C", namely, when the integers are n bits long.

Solution 2:

Let M(i, k) be maximal value for filling exactly capacity k with items from the set 1 : i.
If the capacity k cannot be matched by any such subset, set M(i, k) = −∞. Also set
M(0, 0) = 0 and, M(0, k) = −∞ for k > 1.
Then M(i, k) = max {M(i− 1, k),M(i− 1, k − Si) + Vi} which can be computed recur-
sively for i = 1 : n, k = 1 : C. The required value is obtained by M∗ = max06k6CM(n, k).
The running time of this algorithm is O(nC).
We note that the recursive computation of M(n, k) requires O(C) space. To obtain the
indices of the terms in the optimal subset some additional book-keeping is needed, which
requires O(nC) space.

Question 3: Longest Common Subsequence

Given Two sequences (or strings) X(1 : m), Y (1 : n). Find a subsequence of X is the string
that remains after deleting some number (zero or more) of elements of X.
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We wish to find the longest common subsequence (LCS) of X and Y, namely, a sequence of
maximal length that is a subsequence of both X and Y.
For Example:

X = AV BV AMCD
X = AZBQACLD

Solution 3:

Let c(i, j) denote the length of an LCS of the prefix subsequences X(1 : i), Y (1 : j). Set
c(i, j) = 0 if i = 0 or j = 0.
Then, for i, j > 0,

c(i, j) =

{
c(i− 1, j − 1) + 1 x(i) = y(j)

max {c(i, j − 1), c(i− 1, j)} x(i) 6= y(j)
We can now compute c(i, j) recursively, using a row-first or column-first order. Computing
c(m,n) requires O(mn) steps.
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